On homotopically equivalent relations for fiber bundles  by Dawood, Suliman & Kılıçman, Adem
Journal of the Egyptian Mathematical Society (2013) 21, 295–299Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsORIGINAL ARTICLEOn homotopically equivalent relations for ﬁber bundlesSuliman Dawood, Adem Kılıc¸man *Department of Mathematics, University Putra Malaysia, 43400 UPM, Serdang, Selangor, MalaysiaReceived 18 September 2012; revised 7 January 2013; accepted 23 February 2013
Available online 11 April 2013*
E-
Pe
11
htKEYWORDS
Fibration;
Fiber bundle;
Polyhedron;
HomotopyCorresponding author.
mail address: akilicman@pu
er review under responsibilit
Production an
10-256X ª 2013 Production
tp://dx.doi.org/10.1016/j.joemtra.upm.e
y of Egyp
d hostin
and host
s.2013.0Abstract In this paper, we prove the homotopically equivalent relation to the polyhedron property
that play an important role in ﬁber bundle theory over the suspensions of polyhedron space.
MATHEMATICS SUBJECT CLASSIFICATION: 53D28;
55R10; 52B70; 14F35
ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
Open access under CC BY-NC-ND license.1. Introduction
Fibration theory is due to Hurewicz, which is considered sig-
niﬁcant part of algebraic topology. In particular, homotopy
theory for topological spaces has many applications and in
the literature there are several type of generalizations. The
main problems in this theory is a classiﬁcation problem: Under
what conditions two ﬁbrations, over a common base, will be
ﬁber homotopically equivalent? Most of the solutions for this
problem depend on a solution for the lifting problem which
concerns existence and uniqueness properties for lifting func-
tion in ﬁbration theory. Curtis-Hurewicz theorem, Hurewiczdu.my (A. Kılıc¸man).
tian Mathematical Society.
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ing by Elsevier B.V. on behalf of E
2.014[1], is one of the famous solutions for the lifting problem while
Fadell–Dold theorem, Fadell, is one of the famous solutions
for the classiﬁcation problem, see [5,4]. The last theorem
requires ﬁnding ﬁber map between total spaces for two
Hurewicz ﬁbrations such that the restriction of this ﬁber
map on some ﬁber spaces must be homotopy equivalence.
Further, on the development of homotopy theory for topo-
logical spaces, Zvonko introduced the deﬁnition of homotopy
theory for topological semigroups, see [9]. Then he extended
some properties of homotopy theory for topological spaces to
their analogical structures in homotopy theory for topological
semigroups such as contractibility, retraction, pathwise con-
nectedness and homotopically domination. Moreover he intro-
duced the notion of Hurewicz ﬁbration in homotopy theory for
topological semigroups exclusively as a deﬁnition (S-ﬁbration)
without referring to its properties such as lifting function, ﬁber
homotopically, and homotopy extension property.
In the present work we study and prove the homotopically
equivalent relation to the polyhedron property that play an
important role in ﬁber bundle theory over the suspensions of
polyhedron space.
Throughout in this paper the ‘‘space’’ means Hausdorff
space, the ‘‘H-ﬁbration’’ means regular Hurewicz ﬁbration,
see [1] and the space of parameterized paths in any space withgyptian Mathematical Society. Open access under CC BY-NC-ND license.
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‘‘homotopy relation’’. For a path a in space X, we use the
notation a in order to denote the inverse path of a. In
H-ﬁbration, if P:Eﬁ B, then we denote PjP1ðAÞ : P1ðAÞ ! A
asPjP1ðAÞðeÞ ¼ PðeÞ for e 2 P1(A), whereA is a subspace ofB.
First of all we have the following theorem which was
proved in [2].
Theorem 1.1. Let X, Y and Z be topological spaces. If X is
locally compact and regular space then the map H:Zﬁ YX
always gives rise to the map F:Z · Xﬁ Y by deﬁning F(z,x) =
H(z)(x) for all x 2 X,z 2 Z.
In order to introduce the notion of the Sf-function in the
theory for ﬁbrations we have the following deﬁnitions:
Deﬁnition 1.2. Let P:Eﬁ B be a H-ﬁbration with the a lifting
function k and ﬁber spaces Fbo ¼ P1ðboÞ, where bo 2 B. The
Sf-function for P induced by k is a map Hk : LðB; boÞ
Fbo ! Fbo and deﬁned by Hk(a,e) = k(e,a)(1) for all e 2
Fbo ; a 2 LðB; boÞ, where L(B,bo) is the set of all loops in B
based bo.
Deﬁnition 1.3. Let P1:E1ﬁ B and P2:E2ﬁ B be two H-ﬁbra-
tions with ﬁber spaces F1bo ¼ P11 ðboÞ and F2bo ¼ P12 ðboÞ, where
bo 2 B. The Sf-functions Hk1 : LðB; boÞ  F1bo ! F1bo and
Hk2 : LðB; boÞ  F2bo ! F2bo are said to be conjugate if there is
g 2 H F1bo ;F2bo
 
such that Hk1 ’ g Hk2  ðidLðB;boÞ  gÞ, where
H F1bo ;F
2
bo
 
is the set of all homotopy equivalences from F1bo
into F2bo and g denotes the homotopy inverse of g.
The next theorem was proved in [3].
Theorem 1.4. Let B be a polyhedron and be the union of two
subpolyhedrons B1 and B2 such that B1 is a contractible in B to a
point bo 2 B1 \ B2 leaves bo ﬁxed and B2 is also a contractible to
bo and B1 \ B2 be subpolyhedron of B. If P1:E1ﬁ B and
P2:E2ﬁ B are two H-ﬁbrations with conjugate Sf-functions Hk1
and Hk2 by g 2 H F1bo ;F2bo
 
, then P1 and P2 are ﬁber homotopy
equivalent.
Deﬁnition 1.5. Let E, B and F be spaces. Let P:Eﬁ B be a
map of E onto B and G be group of all homeomorphisms of
F onto F with as a binary usual composition operation . Then
c= (E,P,B,F,G) is said to be a ﬁber bundle over a base B if
there is an open covering {Vj:j 2  } of B, where  is index
set and for each j 2  , there is a homeomorphism
hj:Vj · Fﬁ P1(Vj) (called coordinate function) such that:
(i) P[hj(b,y)] = b for all b 2 Vj, y 2 F.
(ii) For each pair i, j 2  and b 2 Vi \ Vj, the homeomor-
phism h1jb  hib : F ! F corresponds to an element of
G, where hkb:Fﬁ P1(b) deﬁned by hkb(y) = hk(b,y)
for all b 2 Vk, y 2 F and k= i,j.
(iii) For each pair i, j 2 , the function gij:Vi \ Vjﬁ G given
by gijðbÞ ¼ h1jb  hib is continuous (called coordinate
transformation).
In a ﬁber bundle c= (E,P,B,F,G), we shall denote the
identity element of a group G by e, the inverse element g 2 G
by g1, we mean by a map k:(X,xo)ﬁ (Y,yo) from X into Yand k(xo) = yo. Thus we note that every ﬁber bundle
c= (E,P,B,F,G) is a regular local Hurewicz ﬁbration and
further if B is paracompact then c is the Hurewicz ﬁbration.
For more details, see [1,4,5]. Thus we have the following theo-
rem, see [6].
Theorem 1.6. Let Sn be the n-sphere in Rn+1, where n> 0 is a
positive integer. Then for a ﬁber bundle c= (E,P,Sn ,F,G),
there is a characteristic map l:(Sn1,xo)ﬁ (G,e).
Now we recall the Dold’s theorem in ﬁber bundles over
sphere Sn as follows:
Theorem 1.7 (The Dold’s theorem). Let c= (E,P,Sn ,F,G)
and c0 = (E0,P0,Sn,F0,G0) be two ﬁber bundles over sphere Sn
with locally compact ﬁbers F and F0. Let l:(Sn1,xo)ﬁ (G,e)
and l0:(Sn1,xo)ﬁ (G0,e0) be characteristic maps of c and c0,
respectively and further let i:GﬁH(F,F) and i0:G0 ﬁ H(F0,F0)
be the inclusion maps. Then c and c0 are ﬁber homotopy
equivalent if and only if there is homotopy equivalence g:F ﬁ F0
such that the maps
qðxÞ ¼ g  ði  lÞðxÞ  g and q0ðxÞ ¼ ði0  l0ÞðxÞ
of Sn1 into H(F0,F0) are homotopic.
Deﬁnition 1.8. Let X be any space and xo be a base point in X.
The suspension S(X) of X is deﬁned to be the quotient space of
X · I in which for all x 2 X (x, 0) identiﬁed to (xo, 0), and sim-
ilarly (x,1) identiﬁed to (xo, 1), and X · {1/2} identiﬁed to X.
Note that the Dold’s theorem remains valid if we use sus-
pensions of polyhedron spaces instead of n-spheres Sn for the
base of bundles, and related two theorems were proved in [6]
and [7] respectively.
Theorem 1.9. The suspension S(Sn) of n-sphere Sn is homeo-
morphic to sphere Sn+1, where n> 0 is a positive integer.
Theorem 1.10. If X is a polyhedron space, then S(X) is also
polyhedron space.
2. Sf-function and ﬁber bundles
In this paper, we show that the Sf-function play a role to sat-
isfy ﬁber homotopically equivalent relation in ﬁber bundle the-
ory, in particular, between the theorem (1.4) and Dold’s
theorem over the suspensions of polyhedron spaces.
Since Dold’s theorem remains valid if we use suspensions of
polyhedron space instead of n-spheres Sn for the base of
bundles. Hence theorem (1.6) also remains valid with suspen-
sions of polyhedron spaces. That is, for a ﬁber bundle c=
(E, f,S(X),F,G) over suspension S(X) of polyhedron space X,
there is a characteristic map l:(X,xo)ﬁ (G,e). In the following
theorem, we will prove that the converse of this theorem is also
true for suspension S(X) of any space X.
Theorem 2.1. Let G be a group of all homeomorphisms of space
F with as binary  usual composition operation. Now if there is a
map l:(X,xo)ﬁ (G,e), then there is also a bundle E over S(X)
and a map P:Eﬁ S(X) such that c= (E,P,S(X),F,G) is a
ﬁber bundle.
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union of two cones, one of them is C0(X) = X · [0,1/2] with
(x,0) identiﬁed to (xo,0) and the other C1(X) = X · [1/2,1] with
(x, 1) identiﬁed to (xo, 1). Let V1 = C0(X) and V2 = C1(X),
then S(X) = V1 [ V2 and there is a retraction r:V1 \ V2ﬁ X.
Now deﬁne maps
gii : Vi ! G; giiðxÞ ¼ e 8x 2 Vi; ði ¼ 1; 2Þ;
g12 : V1 \ V2 ! G; g12ðxÞ ¼ ðl  rÞðxÞ 8x 2 V1 \ V2;
and
g21 : V1 \ V2 ! G; g21ðxÞ ¼ ½g12ðxÞ1 8x 2 V1 \ V2:
Let J= {1,2} be a space with the discrete topology and let
T  S(X) · F · J be the set deﬁned by
T ¼ fðx; y; jÞ : x 2 Vj; y 2 F; j 2 Jg:
Deﬁne an equivalent relation ” on T by
ðx1; y1; jÞ  ðx2; y2; kÞ $ x1 ¼ x2 and gkjðx1Þðy1Þ ¼ y2;
where (x1,y1, j), (x2,y2,k) 2 T. Then put E be the set of equiv-
alence classes so obtained with the quotient topology. Hence
deﬁne a map P:Eﬁ S(X) by
Pð½ðx; y; jÞÞ ¼ x 8½ðx; y; jÞ 2 E;
and the maps hj:Vj · Fﬁ P1(Vj) deﬁned by
hjðx; yÞ ¼ ½ðx; y; jÞ 8ðx; yÞ 2 Vj  F:
Hence it is clear that c= (E,P,S(X),F,G) is ﬁber
bundle. h
Theorem 2.2. Let P:Eﬁ B be H-ﬁbration with locally compact
ﬁber F = P1(bo), where bo 2 B. Then the function /
:L(B,bo)ﬁ FF given by
/ðwÞðxÞ ¼ Hkðw; xÞ 8w 2 LðB; boÞ; x 2 F;
is a continuous function of L(B,bo) into H(F,F).
Proof. Since F is a locally compact and Hausdorff, then F is
regular. Hence by theorem (1.1), the function / is continuous.
Now we will prove that for w 2 L(B,bo), /(w) is homotopy
equivalence from F into F. For w 2 L(B,bo), we can deﬁne a
map /ðwÞ : F! F by
/ðwÞðxÞ ¼ Hkðw; xÞ 8x 2 F:
Then we get that
½/ðwÞ  /ðwÞðxÞ ¼ k½kðx; wÞð1Þ;wð1Þ 8x 2 F;
and
/ðwÞ  /ðwÞðxÞ ¼ k½kðx;wÞð1Þ; wð1Þ 8x 2 F:
Then by lemma (2.2) in [8],
/ðwÞ  /ðwÞ ’ iF and /ðwÞ  /ðwÞ ’ iF:
Hence /(w):Fﬁ F is homotopy equivalence, that is, /
(w) 2 H(F,F). Therefore / is a map from L(B,bo) into
H(F,F). hTheorem 2.3. Let c=(E,P,B,F,G) be a ﬁber bundle admits a
lifting function k with locally compact ﬁber F. Then the function
/:L(B,bo)ﬁ FF given by
/ðwÞðxÞ ¼ Hkðw; xÞ 8w 2 LðB; boÞ; x 2 F;
is a map from L(B,bo) into G.
Proof. Since F is a locally compact, then by theorem (1.1), the
function / is continuous. For w 2 BI, let Fw(0) = P1(w(0))
and let Fw(1) = P
1(w(1)). Then the map A:Fw(0)ﬁ Fw(1) given
by
AðxÞ ¼ kðx;wÞð1Þ 8x 2 Fwð0Þ;
is homeomorphism since it is obtained from the compositions
of coordinate functions which are homeomorphisms. Hence /
is a map from L(B,bo) into G. h
To prove the equivalent form between theorem (1.4) and
Dold’s theorem, we ﬁrst rephrase theorem (1.4) for two H-
ﬁbrations over a common suspension base as follows:
For any space E with ﬁxed point xo 2 E, there is a con-
ical map w:Eﬁ L(S(E),xo). Then consider S(E) as the union
of two cones that one of them C0(E) = E · [0,1/2] with
(x, 0) identiﬁed to (xo, 0) and similarly the other
C1(E) = E · [1/2,1] with (x, 1) identiﬁed to (xo, 1). Now
C0(E) can be contracted on itself to xo leaving xo ﬁxed
and similarly for C1(E). And for x 2 E, let w0(x) be path be-
tween x and xo in C0(E) and let w1(x) be path between x
and xo in C1(E). Deﬁne the conical map w:Eﬁ L(S(E),xo)
by
wðxÞ ¼ w1ðxÞHw0ðxÞ 8x 2 E:
Let c= (E,P,S(X),F,G) and c0 = (E0,P0,S(X),F0,G0) be
two H-ﬁbrations over a common suspension base S(X) of a
polyhedron space X having locally compact ﬁbers F and F0
respectively. Thus in the following ﬁgure, if we let
l : ðX; xoÞ ! ðG; eÞ and l0 : ðX; xoÞ ! ðG0; e0Þ
be characteristic maps of c and c0 and
i : G! HðF;FÞ and i0 : G0 ! HðF0;F0Þ
be the inclusion maps. Thus by using the theorems (2.2) and
(2.3), then we can compare the theorem (1.4) and Dold’s the-
orem as in the following Fig. 1:
Where g 2 H(F,F0) and w is the conical map. Hence the the-
orem (1.4) can be restated in terms of /, /0, and w as:
Two H-ﬁbrations c= (E,P,S(X),F,G) and c0 = (E0,P0,
S(X),F0,G0) are ﬁber homotopy equivalent if and only if there
is g 2 H(F,F0) such that two maps
mðxÞ ¼ g  i  /½wðxÞ  g; 8x 2 X;
and
m0ðxÞ ¼ i0  /0½wðxÞ; 8x 2 X;
from X into H(F0,F0) are homotopic.
Now if /  w. l and /0  w . l0, then theorem (1.4) and
Dold’s theorem are equivalent. In the following theorem, we
will prove the desired property.
Figure 1 Theorem 1.4 and Dold’s theorem.
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over suspension S(X) of a polyhedron space X with locally
compact ﬁber F and admits a lifting function k. And let /
:L(S(X),xo)ﬁ G be a map given by
/ðbÞðxÞ ¼ Hkðb; xÞ 8b 2 LðSðXÞ; xoÞ; x 2 F:
Then /  w . l, where l:(X,xo)ﬁ (G,e) is the characteristic
map of c and w is the conical map.
Proof. Let B= S(X) = C0(X) [ C1(X), B1 = C0(X), and
B2 = C1(X). It is clear that xo 2 X= B1 \ B2. Now deﬁne
maps
gii : Bi ! G; giiðxÞ ¼ e 8x 2 Bi; ði ¼ 1; 2Þ;
g12 : X! G; g12ðxÞ ¼ lðxÞ 8x 2 X;
and
g21 : X! G; g21ðxÞ ¼ ½lðxÞ1 8x 2 X:
Let J= {1,2} be a space with the discrete topology and let
T  S(X) · F · J be the set which is deﬁned by
T ¼ fðx; y; jÞ : x 2 Bj; y 2 F; j 2 Jg:
Then deﬁne an equivalent relation ” on T by
ðx1; y1; jÞ  ðx2; y2; kÞ () x1 ¼ x2 and gkjðx1Þðy1Þ ¼ y2;
where (x1,y1, j), (x2,y2,k) 2 T.
Now recall theorem (2.1) that points of E are identiﬁed to
the equivalent classes of all triplets (x,y, j) 2 T. Hence the maps
ej:Bj · Fﬁ P1(Bj) given by
jðx; yÞ ¼ ½ðx; y; jÞ 8ðx; yÞ 2 Bj  F; ð1Þ
are ﬁber homeomorphisms which denote the equivalence class
of the triplet (x,y, j). Hence we put y= [(xo,y, j)], for j= 1,2.
Hence we can deﬁne lifting functions k1 and k2 for
ﬁbrations P ŒB1 and P ŒB2, respectively, as follow:
D1P¼fðe;wÞ 2EBI1 :PðeÞ¼wð0Þg;
D2P¼fðe;wÞ 2EBI2 :PðeÞ¼wð0Þg;
DP¼fðb;xÞ 2LðB;boÞF : b¼w2Hw1;
where wi 2BIi ði¼ 1;2Þ and bð1=2Þ¼w2ð1Þ¼w1ð0Þ 2B1\B2g;
k1ðe;wÞ¼ 1½wðtÞ;ðp2  11 ÞðeÞ 8ðe;wÞ 2D1P; ð2Þ
and
k2ðe;wÞ ¼ 2 wðtÞ; p2  12
 ðeÞ  8ðe;wÞ 2 D2P; ð3Þ
where p2 is the second projection.
Since k is lifting function for c, then it is also a lifting
function for PŒB1 and PŒB2. Hence k. k1 on D1P and k. k2
on D2P. Hence the map / : DP! F given by/ðb; xÞ ¼ k1½k2ðx;w2Þð1Þ;w1ð1Þ 8ðb; xÞ 2 DP; ð4Þ
is homotopic to the map ~/ : DP! F deﬁned by
~/ðb; xÞ ¼ k½kðx;w2Þð1Þ;w1ð1Þ 8ðb; xÞ 2 DP: ð5Þ
That is, we have ~/ ’ / on using lemma (2.2) in [8], ~/ ’ Hk.
Hence
Hk ’ /: ð6Þ
Now from the Eqs. (1)–(3), we have that for b 2 L(S(X),xo),
b ¼ w2Hw1; w1 2 BI1;w2 2 BI2;
k1ðy;w1Þð1Þ ¼ ½ðw1ð1Þ; y; 1Þ;
and
k2ðy;w2Þð1Þ ¼ ½ðw2ð1Þ; y; 2Þ
¼ ½ðw2ð1Þ; lðw2ð1ÞÞðyÞ; 1Þ:
Hence
/ðb; xÞ ¼ k1½k2ðx;w2Þð1Þ;w1ð1Þ
¼ ½ðxo; lðw2ð1ÞÞðyÞ; 1Þ
¼ lðw2ð1ÞÞðyÞ
¼ lðbð1=2ÞÞðyÞ:
Let LðSðXÞ; xoÞ be the projection of DP on L(S(X),xo) and
/ : LðSðXÞ; xoÞ ! G be a map given by
/ðbÞðxÞ ¼ /ðb; xÞ 8b 2 LðSðXÞ; xoÞ; x 2 F:
Then by the Eq. (6), / ’ / and
ð/  wÞðxÞ ¼ /½wðxÞ ¼ l½wðxÞð1=2Þ ¼ lðxÞ;
that is, /  w ¼ l. Hence / w . l. Therefore theorem (1.4)
and the Dold’s theorem are equivalent. hAcknowledgement
The authors express their sincere thanks to the referees for the
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